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Abstract
Using the close relationship between the low–energy constants of chiral perturbation theory
and the chiral invariant interactions of the vector meson resonances with the pseudoscalar
mesons, we investigate the process ρ0 → pi+pi−γ. Compared with the contribution from the
pure bremsstrahlung mechanism, we find an enhancement of the decay rate near the endpoint
of the photon energy spectrum. Such a particular shape of the differential decay rate has indeed
been observed experimentally and turns out to be an important confirmation of the theoretical
concept of chiral vector meson dominance.
* Work supported in part by Fonds zur Fo¨rderung der wissenschaftlichen Forschung
(Austria), Project No. P09505–PHY and by HCM, EEC–Contract No. CHRX–CT920026
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11 Introduction
At low energies, the interactions of the pseudoscalar mesons are described by chiral perturbation
theory (χPT) [1, 2, 3]. This effective low–energy theory is mathematically equivalent [4] to QCD,
the underlying fundamental theory. The lagrangian of χPT contains all terms compatible with
the symmetries of QCD. The associated coupling constants can be interpreted as describing the
influence of all degrees of freedom not explicitly contained in the chiral lagrangian.
It has been shown [5, 6, 7] that the coupling constants which occur at O(p4) in the low–
energy expansion are dominated by the low–lying vector, axial–vector, scalar and pseudoscalar
resonances. In particular, chiral symmetry was found to confirm the phenomenologically suc-
cessful concept of vector meson dominance [8].
In this letter we shall employ this connexion between the chiral invariant vector meson
interactions and the low–energy constants of χPT. It is possible to obtain rather precise results
for the decay spectrum of ρ0 → pi+pi−γ which can be confronted with the present experimental
data [9, 10].
2 The low–energy limit of QCD
The strong, electromagnetic and semileptonic interactions of pseudoscalar mesons are described
by an effective chiral lagrangian Leff . It consists of a string of terms
Leff = L2 + L4 + L6 + ... , (2.1)
organized in powers of momenta and meson masses, respectively. The lowest order term L2 is
the nonlinear sigma model lagrangian in the presence of external fields1:
L2 = F
2
4
〈uµuµ + χ+〉, (2.2)
The generating functional Z[v, a, s, p] for the Green functions of vector, axial–vector, scalar
and pseudoscalar quark currents is given by the expansion of the effective meson field theory in
the number of loops,
Z = Z2 + Z4 + Z6 + ... . (2.3)
The leading term coincides with the classical action associated with L2.
At next to leading order p4 the generating functional consists of the following terms: one–
loop graphs generated by the vertices of L2, tree graphs involving one vertex from L4 and finally
a contribution ZWZW to account for the chiral anomaly. The chiral invariant lagrangian L4 of
O(p4) is given by [3]
L4 = L1 〈uµuµ〉2 + L2 〈uµuν〉 〈uµuν〉+ L3 〈uµuµuνuν〉+ L4 〈uµuµ〉 〈χ+〉
+ L5 〈uµuµχ+〉+ L6 〈χ+〉2 + L7 〈χ−〉2 + 1
4
(2L8 + L12)〈χ2+〉+
1
4
(2L8 − L12)〈χ2−〉
− iL9 〈fµν+ uµuν〉+
1
4
(L10 + 2L11)〈f+µνfµν+ 〉 −
1
4
(L10 − 2L11)〈f−µνfµν− 〉. (2.4)
1Our notation is the same as in refs. [5, 6].
2The twelve low–energy couplings L1, . . . , L12 arising here are divergent (except L3, L7). They
absorb the divergences of the one–loop graphs via the renormalization
Li = L
r
i (µ) + ΓiΛ(µ),
Λ(µ) =
µd−4
(4pi)2
{
1
d− 4 −
1
2
[ln(4pi) + Γ′(1) + 1]
}
, (2.5)
in the dimensional regularization scheme.
The meson decay constant F ≃ Fpi = 92.4 MeV [11], the vacuum condensate parameter
B0 (contained in χ+), together with L
r
1, . . . , L
r
10, determine the low–energy behaviour of pseu-
doscalar meson interactions to O(p4). Lr11 and Lr12 are contact terms which are not directly
accessible to experiment. The coupling constants Lr1, . . . , L
r
10 have been determined from exper-
imental input and by using large–Nc arguments [3]. An updated list of their numerical values
can be found in ref. [12].
3 Chiral couplings of vector resonances
To investigate the contribution of vector meson exchange to the Lri , one has to include spin–1
fields in Leff . Following ref. [5], we describe the vector meson octet (ρ,K∗, ω8) in terms of a 3×3
matrix valued antisymmetric tensor field Vµν . The kinetic term of the vector meson lagrangian
takes the form
Lkin(V ) = −1
2
〈
∇λVλµ∇νV νµ − M
2
V
2
VµνV
µν
〉
. (3.1)
To lowest order p2 in the chiral expansion, the most general interaction of a single vector meson
with the pseudoscalar bosons (pi,K, η) is described by the lagrangian [5]
L2(V ) = FV
2
√
2
〈Vµνfµν+ 〉+
iGV√
2
〈Vµνuµuν〉, (3.2)
where the two real coupling constants FV and GV are not further restricted by chiral symmetry.
Their numerical values can be determined from the decay rates for ρ0 → e+e− and ρ → pipi.
From (3.2) one obtains
Γ(ρ0 → e+e−) = 4piα
2F 2V
3Mρ
(1 +
2m2e
M2ρ
)(1− 4m
2
e
M2ρ
)1/2, (3.3)
and
Γ(ρ→ pipi) = G
2
VM
3
ρ
48piF 4pi
(1− 4M
2
pi
M2ρ
)3/2, (3.4)
respectively. Comparison with the experimental value Γ(ρ0 → e+e−) = (6.7 ± 0.3) keV [11]
yields
|FV | ≃ 153 MeV, (3.5)
while Γ(ρ→ pipi) = (151.2 ± 1.2) MeV [11] implies
|GV | ≃ 67 MeV. (3.6)
Higher order chiral corrections may reduce this value to |GV | ≃ 53 MeV [5].
3To order p4 in the chiral expansion, vector meson exchange induces a local lagrangian of the
type (2.4) with [5]
LV1 =
G2V
8M2V
, LV2 = 2L
V
1 , L
V
3 = −6LV1 ,
LV9 =
FVGV
2M2V
, LV10 = −
F 2V
4M2V
,
LV4 = L
V
5 = L
V
6 = L
V
7 = L
V
8 = 0.
(3.7)
With MV = Mρ, the information on |FV | from ρ0 → e+e− and on |GV | from ρ → pipi, the
contributions (3.7) (including LA10 from axial–vector exchange) were found [5] to saturate the
phenomenological values of the renormalized coupling constants Lri (Mρ) for i = 1, 2, 3, 9, 10. In
addition, the coupling constants with vanishing contributions from the vector (or axial–vector)
mesons are saturated by scalar and pseudoscalar exchange, respectively [5]. These findings can
be summarized by means of the following catch–words [13]:
• Chiral duality: The Lri (Mρ) are practically saturated by resonance exchange.
• Chiral vector meson dominance: Whenever spin–1 resonances can contribute at all
(i = 1, 2, 3, 9, 10), the Lri (Mρ) are almost completely dominated by vector and axial–vector
exchange.
Furthermore, with additional QCD–inspired assumptions, the vector and axial–vector contri-
butions to the Li can be expressed in terms of Fpi and MV ≃Mρ [6],
8LV1 = 4L
V
2 = −
4
3
LV3 = L
V
9 = −
4
3
LV+A10 =
F 2pi
2M2V
, (3.8)
in very good agreement with the phenomenological values of the Lri (Mρ).
4 The decay ρ0 → pi+pi−γ
The observed rates for ρ0 → e+e− and ρ → pipi permit only the determination of the absolute
values of the coupling constants FV , GV . In the case of ρ
0 → pi+pi−γ there is also a contribution
from an interference term between FV and GV which provides us with the additional experi-
mental information about the sign of the product FVGV . As we have seen in the last section,
chiral vector meson dominance relates this quantity to the low–energy constant Lr9:
Lr9(Mρ) ≃ LV9 =
FVGV
2M2V
. (4.1)
On the other hand, a very precise numerical value [12] for Lr9(Mρ) has been extracted from the
pion charge radius:
Lr9(Mρ) = (6.9± 0.7) · 10−3. (4.2)
Together with (4.1), this clearly implies FVGV > 0. The same conclusion can, of course, also
be drawn from (3.8).
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Figure 1: Photon spectrum of ρ0 → pi+pi−γ for FVGV > 0 (thick solid curve), FV = 0 (dotted
curve) and FVGV < 0 (thin solid curve).
Taking the relevant vertices from (3.2) and (2.2), the decay rate of ρ0 → pi+pi−γ can easily
be calculated2. The photon spectrum is given by
dΓ
dEγ
=
e2M2ρ
96pi3F 4piz
{[
F 2V z
4 + 2FVGV z
2(1− 2z2) +G2V
(
4z4 + (2z − 1)(1 − 4r2pi)
)]
w(z)
+
[
−4FVGV r2piz2 +G2V
(
1− 2z + 2r2pi(4z2 + 4z − 3 + 4r2pi)
)]
ln
1 + w(z)
1− w(z)
}
, (4.3)
with
z = Eγ/Mρ, w(z) =
√
1− 4r
2
pi
1− 2z , rpi =Mpi/Mρ, (4.4)
where Eγ is the photon energy in the rest frame of the ρ
0.
In our numerical analysis, the input parameters FV , GV have been chosen in such a way
that the central values of the present experimental data for Γ(ρ0 → e+e−) and Γ(ρ → pipi)
(see sect. 3) are reproduced by (3.3) and (3.4), respectively. Our results for ρ0 → pi+pi−γ are
displayed in fig. 1. The thick solid curve shows the theoretically expected differential decay rate
with FVGV > 0. For comparison, the dotted line gives the contribution of pure bremsstrahlung
(FV = 0), while the thin solid curve corresponds to FVGV < 0.
2An older theoretical treatment can be found in Ref. [14].
5For small photon energies, the decay rate is, of course, dominated by bremsstrahlung. How-
ever, at the upper end of the photon spectrum, the solution favoured by chiral vector meson
dominance shows a sizable enhancement compared to bremsstrahlung alone.
Experimentally, the decay rate of ρ0 → pi+pi−γ has been determined at the e+e− storage
ring VEPP–2M at Novosibirsk [9, 10]. Fig. 16 of ref. [10] shows the observed photon spectrum in
the energy range Eγ > 50 MeV. The measured values are rather close to the rate expected from
pure bremsstrahlung, except for the last bin (Eγ > 300 MeV) where a significant enhancement
(three standard deviations) has been observed.
These experimental results are in perfect agreement with our theoretical expectations. Not
only the presence of the FV coupling in ρ
0 → pi+pi−γ has been detected but also the positive sign
of FVGV has been clearly established. Note that FVGV < 0 would have implied a practically
vanishing contribution to the decay rate for Eγ > 300 MeV.
Let us finally compare the theoretical and the experimental branching ratio. For FVGV > 0
we find
BR(ρ0 → pi+pi−γ) = 1.1 · 10−2 for Eγ > 50 MeV, (4.5)
while the measured value is given by [10]
BR(ρ0 → pi+pi−γ) = (0.99 ± 0.04 ± 0.15) · 10−2 for Eγ > 50 MeV. (4.6)
5 Summary
The present experimental data for the decay ρ0 → pi+pi−γ can be consistently described by the
lowest–order vector meson lagrangian (3.2) with two coupling constants FV , GV . The observed
shape of the photon spectrum unambiguously implies a positive sign for the product FVGV .
As this quantity can be related to the low–energy constant Lr9(Mρ) of χPT, the experimental
results constitute an important test of the notion of chiral vector meson dominance.
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